We bound the size of a clone set in a 3-connected non-uniform GF(q)-representable matroid by a linear function of q. This bound is given by investigating the representability of a class of near-uniform matroids.
Introduction
Two elements of a matroid are clones if the map that interchanges the two elements and fixes all other elements is an automorphism of the matroid. Clones are important in the study of the representation of matroids by matrices over finite fields [4, 5, 7, 6] . A uniform matroid contains a clone set that consists of all of its elements. For example, the matroid U n−1,n is representable over every field and has a clone set of size n. By contrast, we show that a nonuniform matroid that is 3-connected and GF(q)-representable can only contain a clone set with size bounded by a linear function in the size of the field. We also develop the connection between the problem of finding a clone set of a given size in a representable matroid and the representability of a class of near-uniform matroids. This connection is of independent interest outside of the applications given here.
Let M be a matroid on ground set E(M). The notation and terminology used here follows [8] except that we use si(M) and co(M) to denote the simplification and cosimplification, respectively, of M. A clonal class of M is a maximal set X ⊆ E such that each pair of elements of X are clones. The clonal classes of M include its set of loops, its set of coloops, each parallel class, and each series class. Such clonal classes are called trivial clonal classes. A clone set of M is a subset of a non-trivial clonal class that contains at least two elements.
The next result is due to Geelen et al. [4, Lemma 5.6] . It is followed by a result of Reid and Robbins [9, Theorem 1.2]. Together these two results determine a sharp upper bound on the size of a clone set in a 3-connected non-uniform matroid that is representable over a field with at most five elements. Theorem 1.1. A 2-connected binary matroid has no clone sets. Theorem 1.2. For q ∈ {3, 4, 5}, if M is a 3-connected GF(q)-representable matroid that contains a clone set with at least q − 1 elements, then M is uniform.
In the main result of the paper we extend the above results to all finite fields. This result can be used to quickly show that certain matroids that contain a large clone set are not representable over a particular finite field. Theorem 1.3. Let X be a clone set of a 3-connected non-uniform matroid M that is representable over GF(q) for some q ≥ 7.
Let Z k be the rank-three matroid given in Fig. 1 for each k ≥ 3. Let q ≥ 5 be a prime power. Then Z k is representable over GF(q) precisely when k ≤ q − 2 (Z k can be obtained from U 2,k+3 by a -Y exchange, which preserves representability). The dependent line of Z q−2 is a clone set of size q − 2. So the bound given in Theorem 1.3 for GF(7) and GF(8) is sharp. Jakayla Robbins made the following conjecture which suggests that the upper bound given in Theorem 1.3 for q ≥ 9 can be lowered to q − 2. The difficulty in obtaining such a lowered bound will be discussed at the end of the section. Let U + r,n be the matroid obtained from U r,n by freely adding a point on a line. Then U + r,n has a unique triangle and the deletion of any element of the triangle results in a matroid that is isomorphic to U r,n . We call the matroid U + r,n a near-uniform matroid. The next theorem is the key result in proving Theorem 1.3. This theorem is the second main result of the paper. Establishing the validity of Conjecture 1.6, and hence improving the bounds for q ≥ 9 given in Theorem 1.3, can be expected to be difficult. This is because, for example, little is known about the related question of determining the representability over finite fields of uniform matroids (see [8, Section 14.1] ). This representability question of uniform matroids is of fundamental interest in projective geometry [2] .
The paper is constructed as follows: we give background results on clones and representability of matroids in Section 2. In Section 3 we establish the connection between the existence of a clone set of a given size in a non-uniform representable matroid and the representability of a certain near-uniform matroid. In Section 4 we investigate the representability of these near-uniform matroids. The results of Sections 3 and 4 are then used to establish Theorem 1.3.
Preliminaries
We present notation and some preliminary results on clones and uniform matroids in this section of the paper. Let M be a matroid. A flat of M is cyclic if it is a union of circuits. An element e ∈ E(M) is called fixed if there is no single-element extension of M by e so that {e, e } is an independent clone set. We say that e is cofixed in M if it is fixed in M * . A 3-connected matroid M is totally free if |E(M)| ≥ 4 and for each e ∈ E(M), if co(M \ e) is 3-connected, then e is not fixed in M, while if si(M/e) is 3-connected, then e is not cofixed in M. Let N be a 3-connected matroid with |E(N )| ≥ 4. Then M is a totally free expansion of N if the following two conditions hold.
(1) M is 3-connected and has an N -minor.
(2) For all e ∈ E(M), if co(M \ e) is 3-connected and has an N -minor, then e is not fixed in M, and if si(M/e) is 3-connected and has an N -minor, then e is not cofixed in M.
It is shown in [5, Corollary 8.6 ] that a matroid M is totally free if and only if M is a totally free expansion of U 2,4 . Next are four other results from [5] . The first two such results are useful lemmas. The third such result generalizes a fundamental deletion/contraction result of 3-connected matroids of Bixby [1] . The fourth such result is an important strengthening of Seymour's splitter Theorem [10] . 
If M is not a wheel or a whirl, and M is not a totally free expansion of N , then there is an element e ∈ E(M) such that either M \ e is 3-connected with an N -minor and e is fixed in M, or M/e is 3-connected with an N -minor and e is cofixed in M.
Some partial results on the representability of uniform matroids over finite fields are summarized in the following proposition which can be found in [8, Table 6 .1, Section 6.5]. Let E x(G F(q)) denote the set of excluded minors for the class of GF(q)-representable matroids.
Proposition 2.5. Let q be a prime power.
Proof of Theorem 1.5
We prove Theorem 1.5 in this section after first restating it for easy reference. Proof. The complement of the triangle in the 3-connected non-uniform matroid U + r,k+2 is a clone set of size k for the given values of r . Thus the reverse implication of the theorem holds. In order to prove the forward implication of the theorem we assume that there exists a 3-connected non-uniform GF(q)-representable matroid that contains a clone set of size k and choose M to be such a matroid with |E(M)| as small as possible. Let X be a clone set of M with |X | = k. 3.2. There exists e ∈ E(M) \ X such that M \ e or M/e is 3-connected Subproof. If M is totally free, then the result follows by Proposition 2.3. Assume that M is not totally free. The matroid M contains a clone set and hence is not binary. Thus M has a U 2,4 -minor. Now M is not a totally free expansion of U
Subproof. Since M is 3-connected and non-uniform, |E(M)| ≥ 6. Now M \ e is 3-connected and has at least five elements, so r * (M \ e) ≥ 2. Suppose that r * (M \ e) = 2. Then r * (M) = 3. Now M * /e is uniform, GF(q)-representable, and has rank two so that |E(M * /e)| ≤ q + 1. Hence |E(M)| ≤ q + 2. Now H = E(M) − C is a dependent line in M * as C is non-spanning in M and H is a hyperplane of M * . Thus H is a cyclic flat of M * and |H | ≥ 3. Now e ∈ H so if H ∩ X = ∅, then M has at least |H | + |X | + 1 ≥ 3 + q − 1 + 1 = q + 3 elements; a contradiction. Therefore, H ∩ X = ∅. It follows from Proposition 2.1 that X ⊆ H . Thus q + 2 = 3 + (q − 1) ≤ 3 + |X | ≤ |C| + |H | = |E(M)| ≤ q + 2. Hence equality holds above throughout so that M * consists of a dependent line H = X with q − 1 elements and the set C with three elements. The set C is not a triangle of M * as it is a triad and M * is 3-connected. Moreover, no dependent line of M * meets both C and X because X is a clone set. Thus the elements of C are free in M * . Hence M * is isomorphic to the matroid Z q−1 which is not GF(q)-representable; a contradiction.
E(M) \ X ⊆ C.
Subproof. Suppose that there exists f such that f ∈ E(M) \ X and f ∈ C. It follows from M \ e being uniform and r * (M \ e) ≥ 3 that M \ e, f is 3-connected. Since both M and M \ e, f are 3-connected, M \ f is 3-connected. By the minimality of M, M \ f is uniform. However C is a non-spanning circuit of M \ f ; a contradiction.
C ∩ X = ∅.
Subproof. Suppose that x ∈ X ∩ C. Since X is a clone set, X ⊆ cl M (C). Hence cl M (C) = E(M), contrary to the fact that C is non-spanning.
So the set of circuits of M is {A ⊂ E(M) : |A| = r + 1, C ⊆ A} ∪ {C} where r = r (M).
|C| = 3.
Subproof. Suppose that |C| ≥ 4. Let f ∈ C. Note that C \ { f } is a non-spanning circuit of M/ f and X is a clone set of M/ f . By the minimality of M, it suffices to prove that the matroid M/ f is 3-connected. Let (U, V ) be a 2-separation of M/ f . Since M is free of triangles, neither U nor V is spanning in M/ f . Without loss of generality, assume that one of the following two cases holds. In this section we study the representability of U + r,k+2 over GF(q). The proof for the even case of Lemma 4.1 was proposed by Geelen [3] .
Lemma 4.1. If q ≥ 7 is a prime power, then the matroid U + 3,q+1 is not representable over GF(q).
Proof. Let E(U +
as a restriction of P G(2, q). First assume that q is even. Let L = {1, 2, . . . , q − 2, e 1 , e 2 , e 3 } be the line of P G(2, q) spanned by e 1 and e 2 . For each pair i, j with 1 ≤ i = j ≤ q − 1, the line spanned by f i and f j meets L at a point in {1, 2, . . . , q − 2}. There are
such lines. So there exists i ∈ {1, 2, . . . , q − 2} such that there are at least
, that meet L at the point i. Two such lines meet only in {i} and any such line contains two elements of E(M) − {e 1 , e 2 , e 3 }. Thus M has at least 2 q 2 + 3 = q + 3 elements, a contradiction. Next assume that q is odd. Let L = {1, 2, . . . , q − 1, f 1 , f 2 } be the line of P G(2, q) spanned by f 1 and f 2 . Let E = {e 1 , e 2 , e 3 , f 3 , f 4 , . . . , f q−1 }. For a two-element subset X of E , we let L X be the line spanned by X . Then the line L X meets L exactly once in a point of {1, 2, . . . , q − 1} and L X ∩ E = X unless X ⊂ {e 1 , e 2 , e 3 } in which case L X ∩ E = {e 1 , e 2 , e 3 }. Moreover, if X and X are distinct two-element subsets of E with L X ∩ L = L X ∩ L, then either X, X ⊂ {e 1 , e 2 , e 3 } or X ∩ X = ∅. By symmetry, we may assume that L {e 1 ,e 2 } ∩ L = {1}. Then there are at most 3 + q−3 2 two-element subsets X of E such that L X ∩ L = {1}. Hence, there are at least
On the other hand, E has odd cardinality, so for every point k of {2, 3, . . . , q − 1}, there are at most
2 ; a contradiction because q ≥ 7 > 5. The rank-three matroid R 6 is the disjoint union of two three-point lines. For n ≥ 6, letR n be the matroid obtained from R 6 by freely adding n − 6 points. Proof. Let E(U + 4,q+1 ) = {e 1 , e 2 , e 3 , f 1 , f 2 , . . . , f q−1 }. View U + 4,q+1 as a restriction of P G(3, q). Let H be the hyperplane of this projective space spanned by {e 1 , e 2 , e 3 , f 1 }. Then each of the lines of P G(3, q) that are spanned by two points from { f 2 , f 3 , . . . , f q−1 } meet H in a point of H \ {e 1 , e 2 , e 3 , f 1 }. Moreover, for each i ∈ {2, 3, . . . , q − 1}, the q − 3 lines through f i and each of the members of { f 2 , f 3 , . . . , f q−1 } \ { f i } meet H in distinct points. Thus we may assume that { f 2 , f q−1 , p 2 }, { f 3 , f q−1 , p 3 }, . . . , and { f q−2 , f q−1 , p q−2 } are circuits of P G(3, q) where { p 2 , . . . , p q−2 } ⊂ H \ {e 1 , e 2 , e 3 , f 1 }. It is easy to check that {e 1 , e 2 , e 3 } is the unique triangle of P G(3, q)|{e 1 , e 2 , e 3 , f 1 , p 2 , p 3 , . . . , p q−2 } (for example, if { p 2 , p 3 , f 1 } were a circuit of the projective space, then we would obtain the contradiction that { f 1 , f 2 , f 3 , f q−1 } is a circuit of U + 4,q+1 ). Now let p q−1 be the point at which the line spanned by f 2 and f 3 meets H . Note that { p 2 , p 3 , p q−1 } is a circuit of P G(3, q) because the plane H and the plane spanned by f 2 , f 3 , and f q−1 meet in a line. It is easy to show that R q+2 ∼ = P G(3, q)|{e 1 , e 2 , e 3 , f 1 , p 2 , . . . , p q−1 }. Thus,R q+2 is GF(q)-representable. Proof. By Lemma 4.2, it suffices to prove that M =R q+2 is not GF(q)-representable. Suppose that M is GF(q)-representable. Let E(M) = {e 1 , e 2 , . . . , e q+2 } where {e 1 , e 2 , e 3 } and {e 4 , e 5 , e 6 } are the only two triangles of M. View M as a restriction of P G(2, q). Let L = {1, 2, . . . , q − 2, e 1 , e 2 , e 3 } be the line of P G(2, q) spanned by e 1 and e 2 . For each pair i, j with 4 ≤ i = j ≤ q + 2, the line spanned by e i and e j meets L at a point in {1, 2, . . . , q − 2}, denote this point by p i, j = p j,i . Since {e 4 , e 5 , e 6 } is a triangle, we may assume that p 4,5 = p 5,6 = p 4,6 = 1. Note that for each set {i, j, k} ⊂ {4, 5, . . . , q + 2} with 7 ≤ i ≤ q + 2 we have that p i, j = p i,k . Now assume that q is odd. Note that for each i ∈ {7, 8, . . . , q + 2}, there exists j ∈ {7, 8, . . . , q + 2} \ {i} such that p i, j = 1. Therefore, the set {7, 8, . . . , q + 2} can be partitioned into disjoint pairs where for every such pair {i, j}, p i, j = 1. However, |{7, 8, . . . , q + 2}| = q − 4 is odd, a contradiction.
From now on, we assume that q is even. Note that for each i ∈ {7, 8, . . . , q + 2}, the lines through e i and in turn, points of {e 4 , . . . , e q−2 } \ {e i } meet the points 1, 2, . . . , and q − 2 exactly once; almost the same statement is true for i ∈ {4, 5, 6}, except that exactly one of {2, 3, 4, . . . , q − 2} is not in such a line. Since q − 3 ≥ 8 − 3 = 5 > 3, there exists at least two points k of {2, 3, 4, . . . , q − 2} such that the lines through k partition the set {e 4 , e 5 , . . . , e q+2 } into disjoint pairs, contrary to the fact that the size of the set {e 4 , e 5 , . . . , e q+2 } is odd. Proof. For q = 9, U + r,11 has a U r,11 -minor when 3 ≤ r ≤ 5 and thus is not GF(9)-representable. For q = 11, U + r,13 has a U r,13 -minor when 3 ≤ r ≤ 6 and thus is not GF(11)-representable. Proof. Note that when r ∈ {3, 4}, the matroid U + r,2q−7 has a U 2,q+2 -minor and thus is not GF(q)-representable. For 5 ≤ r ≤ q − 4, the matroid U + r,2q−7 has a U r,2q−7 -minor. Now by contracting r − 5 elements in U r,2q−7 , we see that U + r,2q−7 has a U 5,q+2 -minor. Therefore U 
